We propose a parametric state space model of asset return volatility with an accompanying estimation and forecasting framework that allows for ARFIMA dynamics, random level shifts and measurement errors. The Kalman filter is used to construct the state-augmented likelihood function and subsequently to generate forecasts, which are mean-and path-corrected. We apply our model to eight daily volatility series constructed from both high-frequency and daily returns. Full sample parameter estimates reveal that random level shifts are present in all series. Genuine long memory is present in high-frequency measures of volatility whereas there is little remaining dynamics in the volatility measures constructed using daily returns. From extensive forecast evaluations, we find that our ARFIMA model with random level shifts consistently belongs to the 10% Model Confidence Set across a variety of forecast horizons, asset classes, and volatility measures. The gains in forecast accuracy can be very pronounced, especially at longer horizons.
Introduction
The literature on asset return volatility modeling has surged since the introduction of the ARCH model by Engle (1982) due to numerous potential applications in financial economics such as asset-and derivative pricing, risk management and portfolio selection. In addition, various volatility-linked derivatives are nowadays being actively traded on the Chicago Board of Options Exchange and in over-the-counter markets. Recently, Andersen, Bollerslev, Diebold & Ebens (2001) , Andersen, Bollerslev, Diebold & Labys (2001 , 2003 , Koopman, Jungbacker & Hol (2005) , Deo, Hurvich & Lu (2006) , Andersen, Bollerslev & Diebold (2007) , Corsi (2009) , Chiriac & Voev (2011) and Varneskov & Voev (2013) , among others, demonstrate that various realized volatility time series display characteristics compatible with fractionally integrated, or I(d), processes, and that the modeling of such "long memory" properties significantly improves the precision of out-of-sample forecasts of future return volatility.
We may formally define fractional integration or, as we will label it throughout, genuine long memory as follows; let e t = C(L) t with t ∼ i.i.d.(0, σ 2 ) and E[| t | r ] < ∞ for some r > 2 be a short memory process with lag polynomial C(L) = ∞ i=0 c i L i satisfying ∞ i=0 i|c i | < ∞ and C(1) = 0, then h t = (1 − L) d e t for t = 1, 2, . . . is fractionally integrated of order I(d) with autocovariance function
where g(τ ) is a slowly varying function as τ → ∞. The properties of such processes depend crucially on the magnitude of the fractional integration order d. In this paper, we shall mainly be concerned with the case 0 ≤ d < 1/2, i.e., with a stationary process that exhibits genuine long memory whenever d > 0, and which is characterized by having hyperbolically decaying autocovariances. However, we will also make references to the non-stationary case d ≥ 1/2. The fractional ARIMA, or ARFIMA, model, independently introduced by Granger & Joyeux (1980) and Hosking (1981) , is a flexible time series specification that captures genuine long memory and, as a result, has become popular for volatility modeling and forecasting, e.g., Andersen, Bollerslev, Diebold & Labys (2003) .
Recently, however, a parallel literature has studied the possibility of genuine long memory being confused with a short memory process contaminated by random level shifts, spurred by the expositions in Perron (1989 Perron ( , 1990 , who show that unit roots (d = 1) and structural changes are easily confused in the sense that the sum of the autoregressive coefficients is biased towards one if a stationary process is contaminated by level shifts. Applying this concept to the context of genuine long memory modeling, Lobato & Savin (1998) , Diebold & Inoue (2001) , Granger & Hyung (2004) , and Perron & Qu (2007 , among others, show theoretically and through simulations that if a short memory process is contaminated by random level shifts, the resulting time series will display many of the same characteristics as one of genuine long memory; for example, the hyperbolically decaying autocovariances. 1 Motivated by these findings, Lu & Perron (2010) and Qu & Perron (2013) , extending earlier work by Chen & Tiao full sample parameter estimates and out-of-sample forecasting performance of our RLS-ARFIMA model to six popular models in the literature and uncover some novel empirical findings. First, the random level shift component is important for all series, delivering more frequent shifts for all volatility proxies constructed from high-frequency data, but with less variability for most compared to those associated with the daily return series. Second, once level shifts are taken into account, the high-frequency volatility measures are characterized by a large genuine long memory component, whereas the remaining dynamics of the volatility proxies constructed as log-absolute returns may be described as a combination of short memory dynamics and measurement errors. Third, we show that if one fails to take both genuine long memory and random level shifts into account, the resulting parameter estimates will reflect either spurious long memory or spurious breaks. Most importantly, however, from our out-of-sample forecasting analysis, we show that the RLS-ARFIMA model is, by far, the most frequent member of the 10% Model Confidence Set proposed by Hansen, Lunde & Nason (2011) . It consistently delivers good out-of-sample performance across various forecast periods, forecast horizons, asset classes, and volatility measures.
The forecast gains can be very pronounced, especially at longer horizons.
The outline of the paper is as follows. Section 2 introduces the model and some motivational evidence. Section 3 describes the model in a state space framework and introduces the forecasting procedure.
Section 4 treats measurement errors. The simulation study is presented in Section 5, while Section 6 considers the empirical analysis. Finally, Section 7 concludes. A supplementary web appendix, Varneskov & Perron (2015) , contains additional theory, evidence, and proofs.
The Volatility Model: Motivation and Specification
We seek to describe the dynamics of daily volatility measures for a variety of assets with observations sampled at different frequencies. Hence, we first formulate a discrete time model for asset return volatility, introduce the empirical volatility proxies, and provide some preliminary summary statistics.
A Discrete Time Volatility Model
As we aim to provide a unified discrete time framework for capturing the dynamics of daily volatility measures, constructed from either daily-or high-frequency data, we need to specify a general time series model that not only accommodates some of the extensively documented empirical regularities of such processes such as, e.g., volatility clustering, genuine long memory and/or random level shifts, but also allows for measurement errors in the volatility proxies. Let x t ∈ R denote the latent, univariate logarithmic volatility process, then we assume that the observable log-volatility proxy, y t ∈ R, behaves according to the signal-plus-noise model:
is a measurement error, a is a constant, h t is a stationary long memory process, and v t is the random level shift component. 2 In particular, we assume that the random level shift process is specified as v t = t j=1 δ T,j where δ T,j = π T,j η j consists of a level shift of magnitude η j ∼ i.i.d.N(0, σ 2 η ) occurring with probability π T,j ∼ i.i.d.Bernoulli(γ/T ), for some γ ∈ [0, T ]. The long memory component, h t , is assumed to follow an ARFIMA process of the form Φ
and Θ(L) = (1 − θ 1 L − ... − θ q L q ) are autoregressive and moving average lag (Lh t = h t−1 ) polynomials of orders p and q, respectively, and t ∼ i.i.d.N(0, σ 2 ). Stationarity and identifiability are assured by letting 0 ≤ d < 0.5 and assuming that the roots of Φ(x)=0 and Θ(x) = 0 are outside the unit circle and distinct. Last, we assume that the components π T,t , η t , u t and h t are mutually independent. 3 Before we proceed, several features of the model should be highlighted. First, by imposing either γ = 0 or σ η = 0, we recover the long memory stochastic volatility (LMSV) model and, if σ u = 0 is additionally imposed, the stationary ARFIMA model advanced by Deo et al. (2006) and Andersen et al. (2003) in the context of realized volatility modeling and forecasting. This implies that if either γ = 0 or σ η = 0, the other parameter affecting the random level shift process is not identified. This feature is evident in our simulation study in Section 5. However, and as we will elaborate upon in later sections, the likelihood function for the ARFIMA parameters are unaffected by this boundary case. Also, since we find both γ > 0 and σ η > 0 for all series considered, and the main emphasis is on forecasting, the possibility of non-identified parameters is innocuous for the present analysis.
Second, if we impose d = 0, we recover a short memory stochastic volatility model with ARMA dynamics and random level shifts in the mean. We note that even this restricted version of the model generalizes the corresponding model in Qu & Perron (2013) by allowing for an MA component, and Lu & Perron (2010) by accommodating both an MA component and measurement errors in the series.
Hence, our framework in (2)-(3) offers substantial flexibility when modeling the dynamics of various daily log-volatility measures. In particular, it allows us to remain agnostic as to whether the persistent features of the series are better described by genuine long memory, random level shifts, or both, and it may be applied to daily as well as high-frequency measures of volatility.
Third, we impose normality on t and u t , which may be restrictive considering that measurement errors for daily volatility proxies, in particular, can be highly non-Gaussian. The assumption, however, should be interpreted in a quasi-maximum likelihood (QML) sense. That is, we use it to derive the predictive likelihood function via the Kalman filter to estimate different versions of the model, similar to the strategy developed by, e.g., Harvey & Shephard (1996) for short memory stochastic volatility models, who show that consistency and asymptotic normality still hold when the measurement errors deviate from Gaussianity for a related QML estimator based on the Kalman filter. However, as we analyze logarithmic transformations of the volatility proxies, we do not expect to see dramatic violations of Gaussianity, cf.
the distributional results in Andersen, Bollerslev, Diebold & Ebens (2001) and Andersen, Bollerslev, Diebold & Labys (2001) .
Fourth, the accommodation of measurement errors in the signal-plus-noise model has implications for the reduced form dynamics of the observable log-volatility proxy, y t . In particular, and similar to the analyses in Meddahi (2003) and Hansen & Lunde (2014) , who assume that realized volatility proxies obey ARMA dynamics, we may reformulate the model as
This representation has implications for how we treat measurement errors and interpret the estimated MA parameters. A detailed discussion of these issues is deferred to Section 4.
Finally, we stress that the Bernoulli probability of a random level shift is dependent on the sample size, T , to make the expected number of shifts constant and equal to γ. This is needed to model structural changes in mean (or rare events), which affect the properties of the series until the next shift (event) occurs. The long memory component allows the process to have transitory shocks that are long-lasting in periods between structural changes. For example, in the context of volatility modeling, this may potentially capture volatility clustering between financial crises (which may be seen as rare events). If only one persistent component is present in the log-volatility series, our model is able to asses whether it is better described by genuine long memory or random level shifts. Harvey (1989) , is embedded in our framework by imposing a level shift in each period, i.e., γ = T . However, in general, we require γ ∈ (0, T ) fixed such that γ/T → 0 as T → ∞ for the level shift component to generate autocorrelations akin to genuine long memory, see, e.g., Perron & Qu (2010) . Furthermore, we find that γ = T is strongly rejected for all series in our empirical analysis.
The Data and Construction of the Volatility Series
We consider eight daily log-volatility series in our empirical analysis, which differ, not only according to the sampling frequency of the data with which they are constructed, but also according to time span and asset class: (1) The number of trading days, hence the time span, is considerably smaller for the volatility measures constructed from intra-daily data than for the daily volatility proxies. However, from the theory of quadratic variation, it is well-known that, under mild conditions on the efficient price process, we may utilize high-frequency data to get a precise estimate of the whole return variance trajectory over a (trading) day. In particular, if the applied estimator is able to account for an array of market frictions that are inherent to observable intra-daily log-prices, then high-frequency data-based estimates of quadratic variation make unbiased and efficient proxies, thus having measurement errors that are vanishingly small, which has been shown to improve out-of-sample forecasting in, e.g., Andersen et al. (2003) , Koopman et al. (2005) , Deo et al. (2006) , and Varneskov & Voev (2013) .
The volatility for the three daily exchange rate series is proxied by log-absolute returns. 5 The daily quadratic variation, on the other hand, for the remaining series with high-frequency data available is estimated using the flat-top realized kernel approach put forth in Varneskov (2014 Varneskov ( , 2015 since it is robust to general forms of market microstructure noise and has optimal asymptotic-as well as good finite sample properties. 6 Each flat-top realized kernel estimate is subsequently square-root-and log-transformed such that its unit is comparable to that of log-absolute returns. We provide a few unconditionaland conditional summary statistics of the eight volatility proxies in Table 1 . From the unconditional summary statistics, we see that the three exchange rate volatility series exhibit slightly more leftskewed distributions with slightly higher excess kurtosis compared to the remaining series based on highfrequency data. However, it is clear that the logarithmic transformation has removed the pronounced right-skew and excess kurtosis, which usually characterize volatility proxies in their standard deviation or variance form. These distributional results are in line with prior findings in, e.g., Andersen, Bollerslev, Diebold & Ebens (2001) and Andersen, Bollerslev, Diebold & Labys (2001) .
As a gauge of the conditional properties of the series, we present log-periodogram (LP) and local Whittle (LW) estimates of the fractional integration order using a bandwidth T 1/2 . Furthermore, we include the results from the testing procedure by Perron & Qu (2010) of the null hypothesis that the volatility series have genuine long memory against the alternative of being comprised of level shifts and short memory dynamics, and a similar test by Qu (2011) , which shares the same null hypothesis, but also allows the alternative to be a combination of genuine long memory and level shifts. 7 The point estimates from the LP and LW estimators suggest that all volatility series are fractionally integrated with d > 1/2, that is, within the non-stationary range. A feature to be discussed and explained later. However, from the two tests of whether the persistence is generated (exclusively) by a genuine long memory component, we find clear evidence against it for the USD-AUD and USD-JPY series, no evidence against it for the MRK and SPY series, and mixed evidence against it for the remaining series.
This suggest that incorporating both a genuine long memory-and a random level shift component may be important for capturing the low-frequency variation in daily volatility series and, subsequently, for generating competitive volatility forecasts.
5 Strictly speaking, we use ln(|rt|+0.001), rt being the daily log-return, to bound zero daily returns away from minus infinity. This follows Lu & Perron (2010) , Perron & Qu (2010) , and Qu & Perron (2013) . 6 We provide details on the flat-top realized kernel estimator and its implementation in the supplementary appendix. 7 We detail the testing procedures and the LP and LW estimators in the supplementary appendix where we also provide a more in-depth analysis of the conditional properties of the volatility series. This includes theoretical-and empirical results on the autocorrelation function for time series with genuine long memory, random level shifts, and measurement errors.
Econometric Methodology
In this section, we re-cast the reduced form model (4) in state space form to provide a feasible estimation and forecasting framework, generalizing the methodology in Perron & Wada (2009) and Lu & Perron (2010) by allowing for genuine long memory. Additionally, we provide an easily implementable forecasting procedure, which may also be used for previously proposed short memory-style random level shift models. In this section, we first treat the observable log-volatility process, y t , as having an MA component of (finite) order q and defer a detailed discussion of measurement errors to the next section.
State Space Representation
First, redefine the random level shift component, v t , as a random walk with innovations that obey a mixture of two normally distributed processes as follows
and η jt ∼ i.i.d.N(0, σ 2 ηj ) for j = (0, 1). We impose the restrictions σ 2 η1 = σ 2 η and σ 2 η0 = 0 to recover the representation in (2). The intuition for reducing the two components of the model to one is that if a structural change occur, it will have a long-lasting impact on the volatility level, at least until the next structural change. However, writing v t using this "two-component-form" allows to adopt a state space representation that resembles the corresponding one for Markov regime switching models see, e.g., Hamilton (1994b) , which is helpful in developing the estimation procedure. Moreover, this specification also highlights that level shifts are modeled as random events, which are invariant to past realizations of the data. Next, under the conditions of Section 2.1, the long memory component, h t , in (4) may be written as an AR(∞) process,
Since 0 ≤ d < 1/2, and the roots of Φ(x)=0 and Θ(x) = 0 are outside the unit circle and distinct, h t has a unique and stationary solution, see Brockwell & Davis (1991, p. 525) . The contribution of the fractional difference filter may be written as a binomial expansion
is the gamma function. Using this representation, we may rewrite y t in first differences as ∆y t = h t − h t−1 + δ T,t for t = 2, . . . , T . Similar to the frameworks for ARFIMA models in Chan & Palma (1998) and Beran (1995) , ∆y t does not have an exact finite dimensional state space representation unless d = 0 and p, q < ∞. Hence, we follow the literature and approximate the AR(∞) process by an AR(M ) where M is chosen depending sample size (details are in Section 5). Hence, the approximate state space representation of (4) in matrix form is
where F = (1, −1, 0, . . . , 0) , H t = (h t , h t−1 , . . . , h t−M +1 ), and E t = ( t , 0, . . . , 0) are M × 1 vectors,
, Q) and 0 M ×1 denotes a M × 1 vector of zeros. Here, G and Q are both M × M matrices of parameters and identifying terms,
The added challenge relative to the genuine long memory state space framework of Chan & Palma (1998) is due to the statedependent error in the measurement equation, whereas relative to Lu & Perron (2010) it is the presence of (1 − L) d /Θ(L) in the representation of h t such that no finite state space representation exists.
Maximum Likelihood Estimation
The basic principle behind the estimation procedure is to augment the probability of states by the realizations of a mixture of normally distributed processes at time t and apply the Kalman filter to construct the likelihood function conditional on the realization of states. Since we truncate the AR(∞)
representation of h t in (5) at lag M , the resulting estimation method becomes highly similar to the corresponding procedures in Perron & Wada (2009) and Lu & Perron (2010) . Hence, details on the construction of the log-likelihood function are deferred to the supplementary appendix.
Note that if either γ = 0 or σ η = 0, the other parameter is not identified and the estimation procedure collapses to the genuine long memory state space framework of Chan & Palma (1998) . Defining the parameter vector Σ = (σ η , γ, σ , d, φ 1 , . . . , φ p , θ 1 , . . . , θ q ) , then from their Theorems 3.1 and 3.2, the estimator of the ARFIMA parameters Π = Σ \ {γ, σ η }, denotedΠ, is consistent when M = T β with β > 0, and when β ≥ 1/2,
In other words, the ARFIMA parameter estimates have the usual maximum likelihood properties and are unaffected by the possible event of non-identification of the random level shift parameters.
Forecasting with the RLS-ARFIMA Model
First, define Y t = (∆y 2 , ∆y 3 , . . . , ∆y t ) and denote the filtered state vector by H ij t|t along with its associated covariance matrix by P ij t|t , both of which depend on whether π T,t−1 = i and π T,t = j for i, j ∈ {0, 1} 2 , that is, on whether a random level shift occurs at either time t − 1, time t, or both. Then, the state space structure of the RLS-ARFIMA(p, d, q) model allows us to obtain τ -step-ahead forecasts by utilizing the model formulation and combining results from the state space and Markov regime switching forecasting literature, see, e.g., Brockwell & Davis (1991) , Hamilton (1994a) , and Gabriel & Martins (2004) . Formally, we forecast according to the following proposition:
Proposition 1. Let y t satisfy the conditions of Section 2.1 and let E t [y t+τ ] =ŷ t+τ |t denote the expected value of the process at time t+τ , conditional on the information available at time t, then the τ -step-ahead forecast isŷ
Proof. See the supplementary appendix, Varneskov & Perron (2015) .
Proposition 1 illustrates two corrections relative to standard ARFIMA forecasts, e.g., Brockwell & Davis (1991) and Doornik & Ooms (2004) . The first is a mean correction where, in particular, the unconditional mean is replaced by y t . Intuitively, if the underlying process contains random level shifts,
an unconditional mean has no information as to which regime the process is in at time t, but this is reflected in y t . The second is a path correction. A τ -step-ahead forecast for each realization of the state is made, G τ H ij t|t , and then weighted by the probability of being on a given transition path between regimes, Pr(π T,t+1 = j)Pr(π T,t = i|Y t ; Σ). As the second component of the forecast in Proposition 1 is transitory, we haveŷ t+τ |t → y t as τ → ∞. This implies that the forecasts obtained from the short memory random level shift model of Lu & Perron (2010) and from our RLS-ARFIMA(p, d, q) model coincide for long horizons, but differ for short to intermediate horizons.
Remark 2. The proposed forecasting framework encompasses multiple types of forecasting schemes; recursive estimation using an expanding window of observations, rolling window of observations, and a one-time estimation of the parameters, which, in conjunction with the Kalman recursions, may be used to generate forecasts conditional on the parameter estimates.
Handling Measurement Errors
The econometric methodology relies on an RLS-ARFIMA(p, d, q) approximation of the reduced form dynamics, that is, a finite-order ARMA representation to account for both the underlying short memory dependencies and measurement errors in the series. We discuss the validity of our approach and provide evidence in favor of specific parameterizations.
Measurement Errors and the ARFIMA representation
From the reduced form of y t in (4), we immediately see that by allowing for measurement errors in the observable log-volatility proxy, we generally need an RLS-ARFIMA(p, d, ∞) structure to fully capture its dynamics. However, if d = 0, then (4) illustrates that we may approximate the residual dynamics, i.e., the dynamics once level shifts are taken into account, by a finite ARMA(p, max(p, q)) specification, see Granger & Morris (1976) . If, on the other hand, d > 0 and we have no measurement errors, then an ARFIMA(p, d, q) model will fully capture the residual dynamics. Our evidence, presented in Section 2 and below, and the later empirical analysis suggest that these two cases describe the volatility proxies constructed from daily, respectively, high-frequency data, and that an AR(1) and ARMA(1, 1) specification adequately capture the short memory dependencies of the former, respectively, the latter.
A model that encompasses both these cases is the RLS-ARFIMA(1, d, 1) specification, which we analyze in detail later in the simulation study and the empirical analysis.
Motivational Evidence from an RLS-LMSV(1, d) Model
We directly estimate the parameters of the model (2)-(3) using a filtered long memory stochastic volatility model with random level shifts, or the RLS-LSMV model. This extends the discrete-time SV models in, e.g., Deo et al. (2006) and Qu & Perron (2013) . To estimate said model, we propose the following modifications to the state space model described in Section 3.
Let the observable log-volatility proxy, y t = x t + u t , be written in truncated state space form as
whereF = (1, 0, . . . , 0, 1) andH t = (H t , v t ) are (M + 1) × 1 vectors, and the 2 × 1 vectorẼ t,π ∼ i.i.d.N.(0 2×1 ,Q π ) depends on the particular regime of the process at time t through
Furthermore, by defining the (M + 1) × (M + 1) and (M + 1) × 2 matrices
we may apply an estimation procedure similar to the one described in the supplementary appendix.
Before proceeding to the estimation results, we assess the accuracy of the RLS-LMSV parameter estimates from the proposed methodology by simulating an RLS-LMSV(1, d) process with d = 0.35, γ/T = 0.02, σ = 0.5, σ η = 3σ , φ = 0.2 and two different levels of measurement errors specified through the noise-to-signal ratio, ξ = σ 2 u /σ 2 (1−φ) 2 with ξ = {1, 2}. We compute the bias and root mean squared error (RMSE) of the estimates for sample sizes T = {3000, 6000}, truncations M = {20, 30, T 1/2 } of the AR(M ) representation, and N = 100 replications. The results are presented in Table 2 . We defer a discussion of the specific setup, i.e., truncation, implementation, etc., to our main simulation study in the next section. For now, we are mainly interested in whether we can identify the key parameters γ/T , σ η , d, and σ for fairly high levels of measurement noise. The latter is chosen higher than what our empirical estimates suggest, except for the USD-YEN series, to provide a conservative assessment. Table 2 illustrates two important points. First, we observe that the RLS-LMSV(1, d) model consistently recovers the random level shift parameters γ/T and σ η with no or a vanishingly small bias.
Second, the estimates of the genuine long memory parameter, d, is, not surprisingly, slightly downward biased. However, this bias is diminishing when increasing the sample size, truncation length, or decreasing the noise-to-signal ratio (as stressed above, the bias is to be interpreted as a conservative upper bound). Then, to provide support for our RLS-ARFIMA models in Section 4.1, we report the parameter estimates from an RLS-LMSV(1, d) model for all eight log-volatility series in Table 3 using M = 20.
From Table 3 , we make a few noteworthy observations. First, for the three log-volatility series constructed from tick-by-tick trades, BAC, MRK, and SPY, we see that the impact of measurement errors is negligible, and similarly for the S&P 500 series. For the three exchange rate series, on the other hand, we observe non-negligible measurement noise. However, the estimated noise-to-signal ratios for the USD-AUD and USD-CHF series are still (much) smaller than the corresponding simulated values, but similar for the USD-YEN series. Moreover, note that we hardly estimate any ARFIMA dynamics for the former two. In this case, we cannot separately identify σ and σ u since the parameter will collectively measure the noise level in the series. As we will see in the next section, if we simply interpret the noise as coming from one source, here σ , the RLS-ARFIMA model precisely recovers this parameter.
In general, the estimated parameters in Table 3 present a striking pattern across the volatility series.
Random level shifts are present in all series, occurring more frequently for all volatility proxies constructed from high-frequency data, but with less variability for most compared to those associated with the daily return series. In addition, the high-frequency volatility measures contain a large genuine long memory component whereas there are seemingly little ARFIMA dynamics remaining in the exchange rate volatility series once level shifts have been accounted for. Finally, we also observe a combination of measurement errors, random level shifts, and genuine long memory for the high-frequency-based T-bond series. However, given equivalent representations of AR(1) plus noise and ARMA(1, 1) dynamics and our later empirical findings for the RLS-ARFIMA model, we cannot exclude that the former is caused by a negative MA(1) component, which appears prominently in our later analysis.
These results highlight the relevance of the RLS-ARFIMA modeling strategy proposed in Section 4.1, on which we will focus in the remainder of the paper.
Simulation Study
In this section, we investigate the accuracy of the parameter estimates from the state space estimation methodology. To show the validity of our proposed estimation method, and to get an indication of how to select M , the order of truncation of the AR(M ) representation, we set up a simulation study focused to distinguish the proportion of persistence in the time series attributed to random level shifts and to genuine long memory. Additionally, we compare the resulting parameter estimates to ones obtained from fitting ARFIMA(p, d, q) models to gauge how these are affected by level shifts, and, finally, how our estimates of the (RLS-)ARFIMA(p, d, q) parameters compare when level shifts are absent, since the presence of two non-identified parameters may lead to efficiency losses.
We consider a Monte-Carlo study with N = 100 replications, four different truncation lengths M = 5, 10, 20, T 1/2 , and a sample size T = 3000. 8 The data generating processes (DGP's) are simulated from an RLS-ARFIMA(1, d, 1) model with φ = 0.2, θ = −0.1, σ = 0.5 and (DGP 1) d = 0, γ/T = 0.02, σ η = 3σ , (DGP 2) d = 0.35, γ/T = 0, σ η = 0, (DGP 3) d = 0.35, γ/T = 0.02, σ η = 3σ , and (DGP 4) d = 0.6, γ/T = 0.02, σ η = 3σ . The choices of M are motivated by Chan & Palma (1998) and Martin & Wilkins (1999) , who find that a small truncation order suffices to capture the dynamics of an ARFIMA process. The choice of the sample size is motivated by the typical length of financial time series. The selected parameters of the first three DGP's are based on parameter estimates from the level shift literature for DGP 1, e.g., Qu & Perron (2013) , from the long memory volatility modeling literature for DGP 2, e.g., Andersen et al. (2003) , and from one that combines them for DGP 3, e.g., this paper's estimates for the S&P 500 series. We include DGP 4 as a robustness check to ensure that our empirical detection of random level shifts is not spuriously caused by a non-stationary fractionally integrated component. Finally, we have also fitted an RLS-ARFIMA(1, d, 1) model to the simulated RLS-LMSV(1, d) process from the previous section. The results for the key persistence parameters are highly similar to the ones reported in Table 2 and are, thus, omitted.
Implementation
For estimation of the RLS-ARFIMA models, we know that all components in the state vector (6) are stationary. Hence, we initialize the updating equations using their unconditional expected values, H ij 0|0 = 0 M ×1 and P ij 0|0 = Q. To start the probability weighting of the likelihood function, we set Pr(π T,0 = 1|Y 0 ; Σ) = γ/T . Lastly, we draw the initial values of the parameters from a uniform distribution five times and select the optimized estimates with the highest associated log-likelihood value.
The ARFIMA(p, d, q) models in (5) are estimated using the conditional-sum-of-squares (CSS) estimator, c.f. Beran (1995) and Nielsen (2015) , since the presence of random level shifts in the series may potentially induce an upward bias in the estimated integration order, and the CSS estimator is valid for stationary as well as non-stationary values of d. The residual standard deviation, σ , is estimated
t whereˆ t is the model-implied residuals. For all (RLS-)ARFIMA models, we restrict attention to the (0, d, 0) and (1, d, 1) parameterizations, given the empirical results in the previous section and since simpler models are often advocated for out-of-sample forecasting.
Simulation Results
The bias and RMSE of the parameter estimates for all estimators and DGP's are presented in Table   4 . For DGP 1, we observe that the RLS-ARFIMA(1, d, 1) estimate of σ η is slightly upward biased, and that the model provides precise estimates of d and γ/T . The relative difference in the estimate of d obtained from the ARFIMA (1, d, 1) model, on the other hand, is quite suggestive, and while the evidence is provided in a stylized setup, we observe exactly the same pattern in our empirical analysis below. As documented by Perron & Qu (2010) , if random level shifts are present in the series, the resulting estimate of d obtained from an ARFIMA(1, d, 1) model will be inflated to capture the large estimates of d obtained from a log-periodogram regression with few frequency ordinates. In order to capture the smaller estimates when more frequency ordinates are included, the fitted MA parameter is biased towards a large negative value to accentuate the short-run mean reversion. Similarly, we find the ARFIMA(0, d, 0) estimate of d to be upward biased, yet the bias is not as dramatic as for the ARFIMA (1, d, 1 ) model since the former lacks an MA parameter to help fit movements at higher frequencies. Last, for the RLS-ARFIMA(0, d, 0) model, we see that the inclusion of positive short-run dynamics in the DGP causes d to be overestimated. This holds true for all DGP's considered.
The results for DGP 2 verify that the ARFIMA (1, d, 1) model parameters are precisely estimated, as expected. What is particularly interesting for the present analysis, however, is that the ARFIMA parameters of the RLS-ARFIMA(1, d, 1) model are estimated with the same precision. As emphasized in Section 3.2, this may be explained by the fact that when σ η → 0 (which occurs when the truncation order, M , increases), the estimation method collapses to the genuine long memory state space framework of Chan & Palma (1998) . Consequently, the ARFIMA parameter estimates do not suffer from efficiency losses when the random level shift parameters are not identified.
For DGP 3, we observe that when the specification is tailored to the reduced form model, all the parameter estimates are unbiased and precise, while the corresponding estimates for the ARFIMA (1, d, 1) model display exactly the same bias as for DGP 1. Furthermore, the almost identical results for DGP 4 illustrates that the RLS-ARFIMA model does not confuse random level shifts with non-stationary fractional integration. As such, the proposed model is able to distinguish between the proportion of persistence attributed to random level shifts and genuine long memory. Since the bias of the various memory parameters are generally decreasing in M , we select M = 20 as the order of truncation for the empirical analysis as there is a tradeoff with computational speed, especially for the longer series of daily returns. Finally, we increase the number of draws of the initial values to 10 to ensure that we do not report results from a local maximum.
Remark 3. The choice of truncation is important and, as a robustness check, we have experimented with selections M = {30, 40} in both the simulation study and in the empirical analysis below. The results are almost identical to those obtained for M = 20. Similarly, the parameter estimates using the theoretically consistent choice M = T 1/2 for the volatility measures based on high-frequency data are highly similar to those reported. This robustness to the choice of (a smaller) truncation order are in line with the findings in Chan & Palma (1998) and Martin & Wilkins (1999) .
Empirical Analysis of Asset Return Volatility
We proceed demonstrating the relevance of the proposed reduced form (log-)volatility modeling and forecasting framework by comparing the full-sample parameter estimates and out-of-sample forecasting performance of specific RLS-ARFIMA models to other widely applied models in the discrete time volatility literature. Initially, we consider parameter estimates from the RLS-ARFIMA(0, d, 0), RLS-ARFIMA (1, d, 1) , RLS-ARMA(0, 0), RLS-ARMA(1, 1), ARFIMA(0, d, 0), and ARFIMA(1, d, 1) models for three reasons. First, it allows us to assess whether the most persistent component in the series is better described by random level shifts and/or genuine long memory and the impact of neglecting either one on the parameter estimates. Second, less parameterized models are often advocated for forecasting, see, e.g., Andersen et al. (2003) . Third, as argued in Section 4, smaller order parameterizations suffice to capture both the short-run dynamics and measurement errors in the volatility measures.
In the forecasting exercise, we also include the six models mentioned above. The ARFIMA class of models has recently received much attention in the volatility prediction literature. For example, it has been shown in, among others, Andersen et al. (2003) , Koopman et al. (2005) , Deo et al. (2006 ), Chiriac & Voev (2011 , and Varneskov & Voev (2013) to outperform the popular class of GARCH models in terms of out-of-sample forecasting when applied to high-frequency measures of volatility. Similarly, Lu & Perron (2010) and Qu & Perron (2013) find that short memory-style random level shift models provide forecasts, which are, at least, on par with those obtained from (FI)GARCH and discrete time SV models when applied to volatility proxies constructed from daily data. Hence, to examine the usefulness of the proposed RLS-ARFIMA model in different settings, we compare its out-of-sample forecasting performance to these state-of-the-art competitors. In addition, we include the HAR model introduced by Corsi (2009), which has been shown to provide accurate forecasts for realized volatility measures, and a benchmark GARCH(1, 1) model in our out-of-sample analysis.
Finally, note that we will describe the results for the SPY and USD-YEN series in details throughout since they represent two different groupings of the series (SPY: BAC, MRK, S&P 500) and (USD-YEN:
USD-AUD, USD-CHF), which share similar characteristics within each group. The T-bond series, on the other hand, is harder to classify as it sometimes shares characteristics with the SPY group and sometimes with the USD-YEN group. We will make the distinction clear when necessary.
Full-Sample Parameter Estimates
We report the results for the eight log-volatility series in Tables 5-6. 9 In particular, note that the results for the SPY series are presented in Panel C of Table 5 , and those for the USD-YEN series in Panel D of Table 6 . We first discuss the results for the SPY series. The estimated persistence parameters of the RLS-ARFIMA(0, d, 0) model are d = 0.4181 and γ/T = 0.0177, which suggests the joint presence of genuine long memory and random level shifts, similar to the results in Table 3 . The estimated probability of level shifts indicates that they occur with an average duration of 56 days. Said duration is fairly low compared to the results in Lu & Perron (2010) for daily log-absolute returns on the S&P 500, AMEX, Dow Jones, and NASDAQ. We obtain similar estimates of the persistence parameters for the RLS-ARFIMA (1, d, 1) model in addition to large and significant estimates of the two ARMA parameters. The latter, however, seem to characterize a common factor, they have fairly high standard errors, and their inclusion hardly increases the log-likelihood value. This clearly suggests that the most important sources of variation is captured by the joint modeling of genuine long memory and random level shifts. The results from the ARFIMA(0, d, 0) model similarly indicate the presence of a stationary genuine long memory component, while the corresponding estimate for the ARFIMA(1, d, 1) model of d = 0.5965 suggests that the series is a non-stationary, fractionally integrated process. Furthermore, we observe that the estimated ARMA parameters of the ARFIMA(1, d, 1) model are large and distinct, however insignificant. As explained in the simulation study, this particular difference between the RLS-ARFIMA and ARFIMA parameter estimates is exactly what we expect when a random level shift component is present; the estimate of d is biased upwards to capture movements at the lower frequencies, while the MA parameter is biased towards a large negative value to accentuate the short-run mean reversion. When accounting for random level shifts, such biases are no longer present, and the genuine long-memory component is seen to be stationary with the remaining short-run variation close to being serially uncorrelated. Finally, the estimated probability of a random level shift using the RLS-ARMA(0, 0) and RLS-ARMA(1, 1) models are γ/T = 0.2082 and γ/T = 0.0797, respectively, suggesting that level shifts, which are assumed to be rare events, occur with very low durations. This is clearly empirical evidence of spurious breaks.
That is, when a genuine long memory component is present in the log-volatility series, the RLS-ARMA models are attempting to fit the additional persistence by overestimating the number of shifts.
Next, consider the parameter estimates from the RLS-ARFIMA(0, d, 0) model for the USD-YEN series. The persistence parameters are d = 0.05 and γ/T = 0.0027, both statistically significant.
The former, however, while deemed statistically significant indicates that the genuine long memory component is essentially irrelevant for characterizing persistent movements in the series. The estimated probability of random level shifts suggests that they are rare (26 in 9600 days) and occur with an average duration of 370 days. However, their magnitude σ η = 3.0657, in comparison with the residual standard deviation, σ = 1.2765, demonstrates that they are large contributors to the total variation in the series.
The results for the RLS-ARFIMA(1, d, 1) model are similar; the impact of random level shifts is almost identical, and the estimate of d is even smaller with a value of 0.00. Moreover, we observe that the ARMA coefficient estimates are both high and of similar magnitude, which is consistent with the interpretation in Section 4 that the daily log-volatility measure exhibits a combination of AR(1) residual dynamics and measurement errors. Unlike the results for the SPY series, the ARMA parameters for the USD-YEN series are seen to have small standard errors, and their inclusion increases the log-likelihood value, especially relative to the RLS-ARMA(0, 0) case. For the latter, we observe an estimated probability of random level shifts that is twice as high, which is, again, suggestive of positively dependent residual dynamics, though not as strong as for the SPY series.
Given the evidence from the RLS-ARFIMA models that random level shifts describe the low-frequency movements in the USD-YEN series, it is interesting to consider the estimated integration orders from the ARFIMA(0, d, 0) and ARFIMA(1, d, 1) models, which are, in contrast, but as expected, much higher and significant. Again, we observe interesting differences between the two models. The estimate of d is much higher for the ARFIMA (1, d, 1) model since it has a large negative MA component to induce strong mean reversion. These features are similar to the ones obtained for the SPY series, along with those in the simulation study, and they support the findings of random level shifts in the series.
The results are highly similar within each of the two groups, and the T-bond series seems to be better characterized by those obtained for the SPY group. Thus, we may draw some conclusions from our analysis so far. The random level shift component is important for all series, being more frequent for all high-frequency measures of volatility, but with less variability for most. Once this is taken into account, the SPY group still contains a large, genuine long memory component. The remaining dynamics for the USD-YEN group, on the other hand, may be described using a positively dependent short memory component in combination with measurement errors. The theoretical causes of this puzzling difference between the reduced form dynamics of the return volatility series constructed from daily and high-frequency data is an interesting subject for further investigation.
Forecasting Performance Evaluation
The class of RLS-ARFIMA models allow for a more flexible description of the low-frequency variation in log-volatility series. However, whether such flexibility enhances out-of-sample volatility forecasts remains to be determined. Hence, we investigate the usefulness of the RLS-ARFIMA approach by comparing its forecasting performance to that from each of the competing dynamic models presented earlier along with the HAR model and the GARCH(1, 1) benchmark, whose specifications and implementation procedures are briefly described in the supplementary appendix. This section proceeds by laying out the forecast evaluation framework before presenting the results from the out-of-sample exercise.
Forecast Evaluation Framework
We consider out-of-sample forecasting over the last T out = 900 days. The various model parameters are estimated once, without the last 900 days in the sample, and the forecasts are computed conditional on these estimates. 10 As we seek to evaluate the performance of direct τ -step-ahead forecasts for three different horizons, τ = {1, 5, 10}, let the cumulative forecast be defined asȳ t+τ,i|t = τ s=1ŷ t+s,i|t for model i ∈ M 0 where M 0 is the initial finite set of models and, similarly, let the cumulative log-volatility proxy be denoted byσ t,τ = τ s=1 y t+s . Then, we apply the mean squared forecast error (MSFE) criterion for the out-of-sample evaluation, MSFE τ,i = 1 Tout Tout t=1 σ t,τ −ȳ t+τ,i|t 2 , which was shown by Hansen & Lunde (2006) and Patton (2011) to be robust against measurement errors in the log-volatility proxy. To facilitate model comparison, define the relative performance of models i, j ∈ M 0 at time t as d ij,t = σ t,τ −ȳ t+τ,i|t 2 − σ t,τ −ȳ t+τ,j|t 2 , for which, we assume the sequence (d ij,t ), ∀i, j ∈ M 0 , t = 1, . . . , T out satisfies the following conditions: For some r > 2 and γ > 0, E [|d ij,t | r+γ ] < ∞, and (d ij,t )
is strictly stationary with variance V [d ij,t ] > 0 and α-mixing of order −r/(r − 2).
Remark 4. These conditions impose restrictions on the sequences of relative forecast performances, (d ij,t ), not directly on the loss function, which is allowed to exhibit structural breaks, genuine long memory, etc. They seem to be satisfied by plots of the loss differentials and the robustness of our results to the use of recursive and rolling estimation windows. Even in the event that the conditions for the validity of the MCS evaluation procedure are violated, the numerical MSFE's will provide a strong indication of the relative model performance.
Under the stated conditions on the sequence of loss differentials, we may assess the relative forecast accuracy of the models using the 10% Model Confidence Set (MCS) of Hansen et al. (2011) , see the supplementary appendix for a review. It is important for our application that the MCS is based on a bootstrap implementation, which is robust against comparisons of nested models when the parameters are estimated once using the same in-sample period for all models, see, e.g., the discussions in Giacomini & White (2006) and Hansen et al. (2011) . The MSFE's and accompanying MCS p-values (in parentheses) are reported in Tables 7-9, where we use boldface notation to indicate whether a model belongs to the 10% MCS. As a robustness check, we have decomposed the out-of-sample results for the SPY and USD-YEN series into three non-overlapping sub-periods in Tables 7 and 8, respectively.
Out-of-Sample Results
First, to assist interpretation of the results, we illustrate how to read Tables 7-9 by considering the relative forecasting performance of the HAR model over the whole out-of-sample period of 900 days for the SPY series, which is reported in the bottom-right panel of Table 7 . In this case, we observe that the HAR model belongs to the 10% MCS for one-step-ahead predictions, but not for five-nor ten-step-ahead forecasts, which implies that the model is significantly worse than the best set of dynamic models at predicting log-volatility for horizons of five and ten days.
In general, we find that when considering the SPY series and the whole out-of-sample period it is only the RLS-ARFIMA (1, d, 1) model that belongs to the 10% MCS for all forecast horizons, thus ranking as the best overall model. The RLS-ARFIMA(0, d, 0) ranks as the second best in terms of numerical MSFE's. The RLS-ARMA(0, 0) and RLS-ARMA(1, 1) models also perform well for longer horizons, whereas the ARFIMA(0, d, 0), ARFIMA(1, d, 1) and HAR models do well for one-step-ahead predictions, but display MSFE's of, at least, a factor three larger for ten-step-ahead predictions. This clearly shows the value of applying the proposed forecast procedure, which leads to significant gains in terms out-of-sample precision with the largest gains attributed to the mean correction. When the forecast performance is decomposed into three non-overlapping sub-periods, the RLS-ARFIMA(1, d, 1) model performs well in all cases, and its relative superiority over the remaining RLS-AR(FI)MA specifications is driven, in part, by the last 300 days of the sample. Note, however, that the forecast errors for the RLS-AR(FI)MA models are also the largest in this sub-period, while the discrepancy to the remaining models is the smallest, suggesting that, not surprisingly, it is difficult to pin down the mean of the series during the period covering the financial turmoil of late 2007 through July 2008. When the mean-behavior of the series is slightly less erratic, as during the first 600 out-of-sample days, the RLS-ARFIMA models performs much better than models that do not allow for random level shifts in the mean.
We proceed to evaluate the out-of-sample performance of the eight dynamic models using the USD-YEN series in Table 8 and immediately observe a similar model ranking; the RLS-ARFIMA (1, d, 1) model is significantly the best forecasting model for all horizons, followed by the RLS -ARFIMA(0, d, 0) , RLS-ARMA(0, 0) and RLS-ARMA(1, 1) models, which comprise a clear second tier. 11 If we consider the evidence from Table 6 that the ARFIMA class of models display severely upward biased estimates of the (fractional) integration order, it is not surprising that we find these -along with the HAR and GARCH(1, 1) -models to exhibit much larger forecast errors, especially for longer horizons. In particular, this follows since they are not flexible enough to adequately describe the low-frequency variation in the volatility series and, thus, mistakenly summarizes the persistence as largely determined by a large genuine long memory component. Moreover, when decomposing the relative forecast performance into three non-overlapping samples, we see that all models, not surprisingly, deliver the largest forecast errors during the last 300 days, which cover most of the recent financial crises, and we observe that the RLS-ARFIMA (1, d, 1) model consistently exhibits the smallest MSFE's across sub-periods.
Finally, we may generalize the conclusions from the SPY and USD-YEN series by considering the out-of-sample results for the six remaining series in Table 9 . Aggregating the results across the volatility series and forecast horizons, the RLS-ARFIMA class of models belong to the MCS in 21/24 cases, the RLS-ARMA class in 16/24 cases, the HAR model in 8/24 cases, the ARFIMA class in 7/24 cases, and the GARCH model never belongs to the MCS. Furthermore, we observe large reductions in the MSFE's with models that explicitly capture random level shifts. This clearly shows the importance of our proposed mean, or level shift, correction for out-of-sample forecasting, and it illustrates that the transitory path correction provides additional (albeit smaller) gains. The comparatively poor out-ofsample performance of dynamic models that do not explicitly model random level shifts, is, in itself, indirect evidence of their presence. As discussed previously, if level shifts are present, they bias the estimate of d upwards for the ARFIMA models (often in the non-stationary region) and the estimate of the MA parameter towards a large negative value. Similar biases affect the HAR and GARCH models, and they are responsible for the deterioration of the out-of-sample performance.
In general, we observe a good correspondence between in-sample fit and out-of-sample performance.
The only exception arises if we contrast the parameter estimates from the RLS-AR(FI)MA models for the T-bond series, as shown in Table 6 , with their respective out-of-sample results, where we see that the inclusion of ARMA parameters improves the in-sample fit, but leads to deteriorating out-of-sample performance as the forecast horizon increases. To elaborate on this observation, we depict the tenstep-ahead out-of-sample volatility for the T-bond series in Figure 1 together with the corresponding loss differentials from a bivariate comparison of the RLS-ARFIMA(0, d, 0) model against the RLS-ARFIMA (1, d, 1) model and a comparison of the RLS-ARMA(0, 0) model against the RLS-ARMA (1, 1) model. From the three series, we observe a distinct pattern; after an abrupt change around day 400, the log-volatility level is gradually increasing until, approximately, day 750. The less parameterized RLS-ARFIMA(0, d, 0) and RLS-ARMA(0, 0) models are better at capturing this increase, suggesting that the inclusion of ARMA parameters, in particular a strongly mean-reverting MA component, induces oversmoothing of the log-volatility series. This eventually leads to the deterioration in forecast performance 11 The difference between the RLS-ARMA(1, 1) and RLS-ARFIMA(1, d, 1) models may, given the parameter estimates in Table 6 , seem surprising. However, when we remove the last 900 days to avoid using in-sample information for estimation of the parameters, we observe minor differences between the parameter estimates from the two models.
as the mean-reverting log-volatility level deviates from its increasing out-of-sample counterpart for 350 observations. On the other hand, the inclusion of ARMA parameters seemingly enhances the forecast performance of the models during the first part of the sample. This suggests that further out-ofsample gains may potentially be extracted by constructing forecast combinations of the dynamics models.
However, a deeper investigation of this potential is beyond the scope of the paper.
In summary, there is overwhelming evidence in favor of using the RLS-ARFIMA class of models, which is not only able to distinguish between the contributions from random level shifts and genuine long memory to the low-frequency variation of the log-volatility series, but also delivers consistently good out-of-sample performance across a variety of forecast periods, forecast horizons, asset classes, and volatility proxies with varying degrees of measurement errors.
Conclusion
We propose a reduced form framework for modeling the volatility of asset returns, which allows for the presence of random level shifts, genuine long memory and measurement errors. In particular, we advocate a parametric state space model where the underlying dynamics is decomposed into a simple level shift component and ARFIMA dynamics. This allows both long-and short memory parameters to be estimated together with the probability and magnitude of random level shifts. Measurement errors are accounted for by careful modeling and interpretation of the ARMA parameters. We provide an estimation procedure and a forecasting framework to construct mean-and path-corrected forecasts.
We perform an empirical analysis using eight daily return volatility series, which differ, not only according to the sampling frequency of the data with which they are constructed, but also with respect to time span and asset class. In particular, we demonstrate the usefulness of the proposed modeling framework by comparing the full sample parameter estimates and out-of-sample forecasting performance of specific RLS-ARFIMA models relative to that from other popular models in the literature.
The full sample parameter estimates reveal that random level shifts are important components of all series and that a genuine long memory component is present in the volatility series constructed using high-frequency data. The remaining dynamics in volatility proxies constructed as log-daily absolute returns, on the other hand, may be described as a combination of short memory dynamics and measurement errors. Finally, we show that the RLS-ARFIMA model display consistently good out-of-sample performance across forecast periods, forecast horizons, asset classes, and volatility measures, by being the most frequent model in the 10% MCS of Hansen et al. (2011) . The forecast gains can be very pronounced at longer horizons. This shows that there is substantial statistical value in distinguishing between random level shifts and genuine long memory for forecasting. 1.53 * * * 1.53 * * * 3.87 * * * 3.23 * * * For the three exchange rates, the daily volatility is proxied by ln(|rt| + 0.001). For the remaining series, the daily quadratic variation is estimated using the flat-top realized kernel approach of Varneskov (2014 Varneskov ( , 2015 , see the supplementary appendix for details, and subsequently square-root-and log-transformed. Here, skewness and excess kurtosis (compared to 3) are denoted "Skew", and "Ekur", respectively. The number of observations after deleting missing entries are denoted "#obs". The second half of the table presents some summary statistics on the conditional properties of the series. In particular, dLP and dLW denote log-periodogram and local Whittle estimates, respectively, using a bandwidth T 1/2 . Furthermore, S d (a, 4/5) ≡ S d (a) and W denote different implementations of the testing procedures proposed by Perron & Qu (2010) and Qu (2011) , respectively, of the null hypothesis that the series are genuine long memory series against an alternative data generating process with level shifts and short memory dynamics. Qu (2011) d) process with parameters d = 0.35, γ/T = 0.02, σ = 0.5, ση = 3σ , φ = 0.2 and two different levels of measurement errors specified through the noise-to-signal ratio, ξ = σ 2 u /σ 2 (1 − φ) 2 , where we, specifically, consider ξ = (1, 2). Furthermore, we vary the sample size T = (3000, 6000), truncations M = (20, 30, T 1/2 ), and consider N = 100 replications. 
Simulation Results
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Loss Differential: RLS-ARFIMA(0, d, 0) vs. RLS-ARFIMA(1, d, 1)
Loss Differential: RLS-ARMA(0, 0) vs. RLS-ARMA(1, 1) Figure 1 : The upper panel displays the cumulative ten-step-ahead log-volatility proxy for the T-bond series. The middle and lower panels display the corresponding loss differentials, dij,t = σt,τ −ȳ t+τ,i|t 2 − σt,τ −ȳ t+τ,j|t 2 , from the comparisons of the RLS-ARFIMA(0, d, 0) model against the RLS-ARFIMA(1, d, 1) model and the RLS-ARMA(0, 0) model against the RLS-ARMA(1, 1) model.
